Abstract. We describe a set of zero modes of an integral operator depending on one parameter g and defining an elliptic Fourier transformation. This operator intertwines generators of the elliptic modular double formed from a pair of Sklyanin algebras. It has zero modes for the "spin" lattices g = nη + mτ /2 and g = 1/2 + nη + mτ /2 with incommensurate 1, 2η, τ , and Im(τ ), Im(η) > 0, n, m ∈ Z ≥0 , (n, m) = (0, 0). These modes define finite dimensional representations of the elliptic modular double of dimension d = nm for n, m ∈ Z >0 or d = n ∈ Z >0 for m = 0 and d = m ∈ Z >0 for n = 0.
An elliptic modular double
The concept of modular double of a quantum group has been introduced by Faddeev in [9] , where it was shown that the quantum algebra U q (sl 2 ) with the deformation parameter q = e 2πiτ does not define uniquely its representation space. Adjoining to it via the direct product of another quantum algebra Uq−1(sl 2 ), whereq = e −2πi/τ is a modular transformed parameter, allows one to remove this non-uniqueness. Particular representations of the modular double U q (sl 2 ) ⊗ Uq−1(sl 2 ) were considered in [3, 4, 9, 10, 13, 14] .
Quantum algebras emerged from the theory of Yang-Baxter equation (YBE) playing an important role in mathematical physics [2, 11, 12] R 12 (u − v) R 13 (u) R 23 (v) = R 23 (v) R 13 (u) R 12 (u − v),
where operators R jk act in the subspace V j ⊗ V k of the product V 1 ⊗ V 2 ⊗ V 3 of three (in general different) spaces V j . Variables u and v are called spectral parameters. The Sklyanin algebra [18, 19] is a one parameter deformation of U q (sl 2 ), or an elliptic deformation of the sl 2 -algebra. It emerges from equation (1) when R 12 (u) is given by Baxter's 4 × 4 R-matrix [2] R 12 (u) =
and R 13 (u), R 23 (v) are 2 × 2 matrices fixed as copies of the L-operator:
where σ a are the Pauli matrices and η, τ are free parameters. Here θ a (u) ≡ θ a (u|τ ) are the Jacobi theta-functions 
with p = e 2πiτ , θ(t; p) = (t; p) ∞ (pt −1 ; p) ∞ , (t; p) ∞ = ∞ k=0 (1 − tp k ), and θ 2 (z) = θ 1 (z + ).
Corresponding YBE takes the form of RLL-relation:
yielding the following algebraic relations for operators S a [18] :
where the triplet (α, β, γ) is an arbitrary cyclic permutation of (1, 2, 3). The structure constants are J αβ = where the g-spin is the same arbitrary parameter as in (6) . In this note we focus on the integral operator which was introduced in [22] for defining a universal integral transform of hypergeometric type yielding an integral analogue of the Bailey chain techniques [1] . This operator acts on the functions of one complex variable Φ(z) as
where Im(−g ± z) > 0. Here p = e 2πiτ and q = e 4πiη , Γ(a,
is the elliptic gamma function defined for |p|, |q| < 1. This operator satisfies a very simple inversion relation resembling the key Fourier transformation property [24] M(g) M(−g) = 1l ,
which is true under certain constraints on the parameter g. As shown in [8] the operator (8) satisfies the following intertwining relations:
Here we explicitly indicate the g-spin dependence of the Sklyanin algebra generators in order to show that g simply changes the sign under the action of M. In the conventional notation g = η(2ℓ + 1) one has the transformation ℓ → −1 − ℓ. Equalities (11) show that zero modes of the M-operator form an invariant space for the elliptic modular double, i.e. they are mapped onto each other by the Sklyanin algebra generators S a (g) (6) andS a (g) (7) . A finite dimensional space of such modes was discovered in our previous work [8] and here we describe this space in more detail.
The intertwining operator M(g) plays a key role in solving YBE [8] along the lines of general construction of [6, 7] . The latter approach is based on a twisted representation of the generators of the permutation group. In our case the needed Coxeter relations are satisfied [8] as a consequence of the elliptic beta integral [20] and the Bailey lemma of [22] . In this note we do not apply our results to building solutions of YBE postponing this task to a separate work.
Contiguous relations for the intertwining operator
Contiguous (or recurrence) relations connect to each other special functions with different values of parameters [1] . The first contiguous relation for elliptic hypergeometric integrals was constructed already in [20] . Such relations can be formulated for integral operators as well and we would like to do it here for the intertwining operator M(g).
Recurrence relations of interest for the operator (8) have the following form [5] 
), k = 3, 4, and
Here R(τ ) is the constant defined in (4). On the right-hand sides of equalities (12), (13) and other expressions below we use the variable z and assume that it is an "internal" variable, i.e. it plays the role of x in the action of integral operators as in (8) .
The second formula (13) follows from the first one after application of the inversion relation (10) . Indeed, equality (12) can be written in the form
where A k (g) is the following difference operator
Inverting the M-operators one obtains
and the last relation coincides with equality (13) . In this note we consider consequences of the relation (12) alone. In order to prove the operator identity (12) we note that it is equivalent to the following equation for the kernel of the intertwining operator
The derivation of the last relation is based on the key formulae
and
We have
and therefore
In the last line we have used the equalitȳ
which is derived using (18) twice. On the last step we apply the equality
and obtain identity (16).
3.
Intertwiner for the two-index discrete lattices g = nη + m , n, m ∈ Z ≥0 . One can repeat the above considerations with the change 2η ⇄ τ and obtain two types of the recurrence relations (k = 3, 4)
where A k (g) and B k (g) are the following difference operators
Using the initial condition M(0) = 1l, which is proved by simple residue calculus [8] , it is possible to solve the recurrence relations and obtain
Although the form of the intertwiner should not depend on the value of k, M (k) (g) ≡ M(g), we introduced an additional upper index k in order to indicate a potential dependence on it.
Derived expressions are particular cases of the general operator
. However, they are used as building blocks for constructing this general operator. First we transform these factorized operators to finite sums with explicit coefficients. Let us consider for an illustration two simple examples
Expanding the last expression we obtain a sum of four finite difference operators which can be transformed by means of (18) to the form
In these examples one can drop the index k in the notation M (k) (nη) because the result does not depend on k as expected.
Take the general ansatz for the intertwining operator
(n−2ℓ)η∂z and substitute it into the equality M((n + 1)
. . , n this yields the recurrences of the form
and for ℓ = 0 and ℓ = n + 1 one has
Since α
0 (z) = 1, we obtain
. These boundary conditions fix uniquely the solution of recurrence relation (19) which can be found by induction to have the following general form
In the expression for α (n) ℓ (z) we extracted the elliptic binomial coefficient n ℓ τ,2η which does not depend on z and explicitly wrote the rest z-depended part. The discrete intertwining operator M(nη) was obtained first in [26] in this form. Note that indeed the general result has no k-dependence, which is present in the recurrence relation for α where
. Now we are going to describe the general case. It is easy to derive the following representation
Of course there are many equivalent ways to represent
as a product of A k -and B k -operators and we have described only one of them.
Analogously one can consider the lattice g = nη + m
. For this one uses the fact that M( ∂z is the shift operator of z by 1/2 [8] . Since we work in the space of functions which are meromorphic in w = e 2πiz , this is the half period shift working as the parity operator, P w = −w. Repeating the previous procedure once more in this setting, we obtain
Because θ 3 (z ± , n ∈ Z >0 , is n-dimensional and it can be realized in the space Θ + 2n−2 consisting of even theta functions of order 2n − 2 [19] . Denote
By the factorized representation of W(ηn) we see that its action annihilates this irreducible representation space Θ 
it is possible to express any square θ 2 k (z|τ ) as a linear combination ofθ 3 (z) andθ 4 (z). Therefore the set of n functions
forms a basis in the space Θ + 2n−2 . Then applying n − 1 times the recurrence relation and taking into account that
In the same way the set of m functions
The generalization is evident. The set of n m functions
Similar properties hold for the operator W (nη + m
), since the shift of z by 1/2 just permutes θ 3 (z) and θ 4 (z), i.e. we have an involution of the basis.
Described formulae show that we have a finite dimensional kernel of the intertwiner. Because the space of zero modes of the intertwining operator forms an invariant subspace under the action of Sklyanin algebra generators one obtains finite dimensional representations of this algebra. This space was partially characterized in [8] . The observation that the Sklyanin algebra has finite dimensional representations not only for half-integer values of the spin but for the whole lattices η n + with n, m ∈ Z ≥0 , (n, m) = (0, 0), is a more or less evident consequence of the modular doubling of Sklyanin algebras introduced in [23] , since there exists an involution permuting two Sklyanin subalgebras. This fact was noticed also in [15] .
A non-factorized form of the intertwiner
Now we are going to transform the general expression (22) to a "normal ordered" form. We use the formulae for the transformation of theta-functions
We see that k-dependence disappears, as it should. Now we can write
where transformed operators have the form
Let us move all shift operators to the right
Using formulae for the transformation of theta-function
and explicit expression for the β (m) -coefficients we obtain
Collecting everything together we obtain our operator in a normal ordered form:
where we have arranged the phase factors in the form resembling transformation laws of theta functions of definite level with respect to the shift by a period. For the lattice g = nη + m
since in relation (24) the operators M (k) do not depend on k.
A complete factorization of the intertwiner on theta functions
We are going to apply derived intertwined operators to the functions with special transformation properties under the shifts on periods τ and 2η. Consider the product F N (z) G M (z) where functions F N (z) and G M (z) are transformed in the following way (a, b ∈ Z)
We write all phase factors in the form close to phases in (27). For holomorphic functions, F N (z) are theta functions of modulus τ and order 2N, whereas G M (z) are theta functions of modulus 2η and order 2M. Let us introduce parameters α = 0, ±1 and β = 0, ±1 such that n − α and m − β are always even integers. This means that α = 0 when n is even and α = ±1 when n is odd. Analogously, β = 0 when m is even and β = ±1 when m is odd. Now we can single out the full period shifts and find that
Choosing N = n − 1 and M = m − 1 we see an almost complete cancellation of the phase factors:
The case α = β = 0 corresponds to even n and m, in which case all phase factors are absent. Thus we see a complete factorization of the intertwiner into two operators acting in different spaces. Note that we have described the action of M for arbitrary theta functions and, as shown before, zero modes of M(g) single out the spaces Θ Let us pass to the multiplicative notation which is more compact and convenient for analytical reasons [8] . Remind first that p = e 2πiτ , q = e 4πiη and θ 1 (z|τ ) = e −πiz θ e 2πiz ; p /R(τ ). Inserting the latter relation into the definition of the elliptic binomial coefficients we see that all R(τ )-coefficients cancel. Simplifying the resulting expression with the help of relation θ(z; p) = −z θ(z −1 ; p), we find In the rest part of the coefficients α (n−2k)(n−1) e 2πi nz θ e 4πiz q n−2k ; p n j=0 θ (e 4πiz q j−k ; p)
. free option and in some special cases it may drastically simplify the situation. For instance, the products of theta functions θ(q j aw ±1 ; p)
were used as basis vectors of Θ + 2N -space in [16, 17] for a simplified analysis of elliptic 6j-symbols (these functions emerged first as some intertwining vectors in [25] ). For the elliptic modular double one should consider the two-index basis vectors h (w; q, p) and generalize considerations of [16, 17] to such a case. We expect that after an appropriate choice of the measure one should be able to come to the two-index biorthogonal functions of [21] .
The identity M(g)R 12 = R ′ 12 M(g), where R 12 is a solution of the YBE derived in [8] and R ′ 12 is another similar operator, shows that the kernel space of M(g)-operator is mapped onto itself by the R-matrix R 12 . Therefore zero modes of M(g) form an invariant space for the action of operator R 12 . The explicit form of corresponding finite dimensional R-matrices will be considered in a subsequent publication.
